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© ABSTRACT

A design for a.MarS'Roviﬁg Veﬁic}é has bgéh undeﬁway at
‘Rensselaer Po]ytecﬁhit Institute for the past four yéars. " The basic
configuration has been deve]obéd It now remains to désign and
'deve3op the dep]oyment mechan1sms, and then to optimize the tota]
design. ' ' l
o A basic mathematical model of tﬁé vehicle is.a vaTuaE]é-fool
in the optimization 6f fhe desiﬁn This project report presents such
a three dimensional mode] considering three degrees of freedom‘im" —

In addition, the phy51ca1 characteristics of the 0.4 sca]e RPI-MRV

are presented along with the basic dynamic responses.
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CHAPTER 1

‘ INTRODUCTION
.:A1fhough the.major boint of emphasis of today's outer space
' progfam has been shifted during the past year or tWo,‘the intriguing
question 6f the possibility of some form of life on the planet Mars
. remains. A NASA uﬁménned mission to our Earth's nearest neighbor is
currenfly planned for approximately the 1980 time frame. The basic
6bje§five of the migsion is to deploy scieﬁtific pack&ges and to
conduct scientific experiments. o |
| It was learned from the Viking Mission fhat the useful cépabi]ity
- of a stationary ]ander;is severely 1imited. ‘Because of topographié
requirements, a landing éite is not necessarily the most interesting
‘ from a scientific viewpoint. In addition,Abecause of the terrain
disturbaﬁce baused by the 1§nding maneuver, it is desirable to coﬁduct
'sc{entific explorafions ih undistyrbed areas remote from the landing
: site. Therefore, it is_desiréb]e to place a mobi]e.package on the
.jﬁsukface_bf Mars. For this purpose, RPI's Martian Roving Vehicle (MRV)
ié being developed (Platé‘1). ' " o |
A current NASA sponsored project has as 1ts'0bjective the design
and development of the compiete MRV including thé locomotion and |
névigation systems. The subject of this paper'is the dynamfc analysis
. of the RPI design of the MRV. | |
- ~The dynamic analysis of the MRV was approached bj two methodé:
| (1) mathématiﬁa] modeling
(2) physical testing
Initially the equations of motion of a three dimensional, three-
degree -of-freedom (roll,pitch,vertical displacement} model are

| established. Then, the measurement of the physical characteristics

of the 0.4 MRV model and dynamic tests were conducted. Finally, a
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PLATE 1

RPI-MRV 0.4 Scale Model




,‘compérison of a;tua] responsé with,thé.mathemat}cally_predicted

_ resﬁoﬁse is made, The result shows the ﬁathématicaT mode1 fb be a |
.basid'design tool from which gross vehicle motions may be:predﬁcted.
- It also may be expanded upon to develop a more sopﬁisticated mathe-

..mgtica1 model.



CHAPTER 2
" THE MATHEMATICAL MODEL

The 0.4 scale model of the RPI-MRV is shown in Plate 1. ‘Elasticity
and damping 1in the'su5pension:of the vehicle is provfded almost entirely
by thé all meta] tor01da1, eTast:c wheel. The rear wheel struts are
connected to a torsion bar, and the front whee]s are attached to a
flexible front axle. Since the stiffness of the rear torsion bar
énd the front axle is much greater in comparison to the.wheel stiff-
~ ness, ohTy the wheel elasticity is considered in the mathematical
‘mode] presented herein.  Figure 1 shows the schematic model. The wheels
have been rep1aced by spr1ngs ‘and dashpots. This is the schematic from
wh1ch the mathematical model is developed.

| In the development of an initial approach, a highly useable
mathematica] model 1is the_primar& objective. Since coupTing-between
-f modes q? motion does exfst and is a problem in the physical modet,
the idea of a planar mafﬁematica] model was discardéd in favor of.
one considering three diﬁensions. | :

Again for simplicity, three degrees of freedom are éonsidered.
Vertical diSpTacemént is an obvious choice since the MRY bouncing
acrosélMartian terrain will be carrying a scientific payload. Be-

_ ; cause of the "dragster" design of the RPI-MRY, the vehicle center

| of graVity is located near the rear wheel base'far ffom the center of
suspensioh. A natural pitching motion is therefore introduced by
the vehicle design. As.a resu]#, the mathematical model also

includes pitch motion. Finally, the movement of the MRV over rocks



FIGURE 1

RPI-MRV Schematic Model



~and potho]eé easily introduces a rolling motion; Thereforé,.with the

7 thrée‘degrees of.freedomchosen.to be vértica] disp]acement;'ro]1,
and pitch rofatfon, thé dévéTopment of the equations of motion

‘ pcheéded, - | |

. The Inertia Forces. R . ' .

In order to greatly simplify theiequations of motion, the MRV
is considered to be a two-mass sysfem: a rolling (sprung) mass,
and a ﬁon—rolling (unsprung) or‘fixed mass. Additionally, if a
moving coordinate system, x'y'z' fixed to the vehicle is adopted, the
 inertfa1 terms in the equatiohs ﬁf motion become much easier to |
determine. Therefore, the coordinate system of Figure é is used.
' The xyz axis system is fixed to the unsprung portion of the vehicle.
. The vertical y axis is ]qcated by the c.g. of the complete
vehicle wﬁich, for the MRV, is approximated by the location of the
rolling mass (since mﬁz>mu). The x axis is the voll axis of the
vehicle, Ioéated by the kinematic properties of the suspension. The
unsprung mass is assumed to be located on this axis. The origin of
'the.x'y'z' axes coincideérwith the sprung {rolling) mass. |

The inertia forces written about the x'y'z"axes are as follows:
V - l!,
EF),: = m,y

EZM= Ty “:’x"'“Ix'y'(-w’-'wx')+Ix2’°:a'-' tlyye Ceos’) (1)

. zmzf :I‘z.‘,(,;_'lz: +I£'X' (.{.,lxl't'Izly. (wx.w;.)-o Ixryl (wx?')

.~ Assuming: (1) Near symmetry in the x'z' plane, Ix'z'=0
(2} 1,1, K Ly |
(3) Ix'y'=1xy:5 Q since the y axis is chosen through the c.g.

equationé (1) become: -
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-~ .FIGURE 2
Coordinate Syétem of
._'I‘wo-Maés Vehidlé

FIGURE 3

Roll (Gx) with Vertical Displacement (y)
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. For small diSplacements, tHe rc-aﬂland pitch velocities about the
inclined x'y'z' axes will be respectively equal to the roll and pitch
' ve10c1t1es about the xyz .axes (1 e. o, “'i e, .—w) Th1s approxima-

t1on a1ong mth the foﬂowmg expresswns

Ixxf-" '1;" ¥ m, ha
T,e= Tt mb

- enable equations (2) to be transtated to the xyz axes:

£F = my
LEAM T, Wy

. (3)
B 2 M{: =Iuw

o Iwhth a change of notatwn us1ng
. \_' . ex - .
: 9 wz_ ' o (4)

The final inertia forces take the form:

é:' Fw,_r"" mr'{/
£Mx= Tyx éx - - (5)
EM 73,8, |

. The Externa] Forces.

The we1ght of the sprung mass merely causes a steady statm
: deﬂectmn of the wheels about which the dynamc oscﬂ]atwns take

place. Therefore the external forces of the idealized schematic mode]



“result wholly frdm_fhe_sprihg‘and dampfhg forces of the wheel.
‘These forces are-conéfdered linear. As indicated jater, thi§ assumﬁ-
tion bfovés to be valid. | | |
* To determine the external force§ and moments, the vehicle mddéf
“assumas two sets of virtual disb]aceménts: |
(1) roll wifh vertical displacement
(2) pitch with vertical displacement
Assum1ng a roll with vert1ca1 displacement {Figure 3), the vert1ca]

forces become oo _ ‘

= "(k + CIS)(Y -Qex) ki +C!$)(Y+-Q 9;:) =(k, "'C.S)&)/ (6)

where s denotes the operator d1' The displacement of the front
wheel axle is independent of the roll angle disp]aéement because of
the pin-joint connection between the frame and the front axle. This
‘éccounts fot the Tast term in equation-(ﬁ) not being dependent uponG?x.

The moments resulting from the disp]acement of Figure (3) are:
| .Mx:.: (-Ql-’he?‘)(kn‘(:;s)(}f"-ple;) _ .

"_'(»Q;*hex)(k,*C,s)(yt?;G,)+w,_(h-—y)ex '_ty)

Again, as a result of the pin-joint mentioned above, the front

suspension imparts no rolling motion to the vehicle. Using the small

‘dis.placement approximations,ﬂ,»h@h .Pa»;,ex, and, h>>y, equations

(6) and (7) become: | - L

= ~{kecoly-20delyrodray] (8)

M = (ke eis)lyl0-0)-8,(8% 92)]+ who,

Figure 4'shows a pitch angle with vertical displacement. The
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FIGURE 4

Pitch (az) with Vertical Displacement (y) |

. 10
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. resulting force and moment equations become:

.FY-.;;‘Q(k"“:'s)[()—’“.'a?zh('wbez)}. -
Ma 2(kacs) [(a-heelly-a®a) (b heallysbe:]

+w,(h 'Y)ez

Again with the small diSp]acement'approximations;'b>?heg, a>$h65,

~equations (10) and {11) simplify to:

R = =2(ktes)[2y+(b-a)en]
Mz= 2(kr"c|3)[YCG-B)"Q:.(QQ‘*!DR)]+ th9£ |

fhé Cdmp1ete Ecuations.
| The complete equation§ of motion for the three-dimensional,
three-degree -of-freedom model result from the combination of
equations (5),(8),(9),(12), and (13): |
M.y = -(k+¢s) [(y-.?.e,.}+(y+£,,e,) +28; (b-a)+ l:'y]
T éx = {kecs) [Y (£-05) - O (£ —9.1:)] +w, hé,
| T226:t a(kras)] y(a-b) - 0, (e 9] + Wy h6:

These equations may be simplified as follows:
y +a,y +Q,,y +b, 8 + b6+ ¢y 62%¢,,6,70
S +b,, 0+ bgasx+ Qg 9 t QAzy =0
Ozt c302 405,9, +a5 ¥ + Q¥ =0

WHere I : .
=i /o, byy=(8p-8y)eq/m,

gk /oy I P (N STV
4= @p-0)ey/1y, b= (87 /1,
397~ (B8 ) ke /Ly b22=Lg$+£§)kl/Ixx'wrh/Ixx
a3]=2(b-a)c]/lZZ T
a32=2(b-a)k]/1zz

oy

a)

Q2)

(13)

(14)

(15)

1



_ modeled by equating the left side of the first of equat1ons (15) to

c11=2(a—b)c1/mr
C1272(a-b)ky/m, |
C3]=2(az+b2)c]/lzz B R i f
¢yp=2(a%bf)k /1w hT

" Equations (15) are a set of second order linear d1fferent1a1 equations.

to be solved 31mu1taneous1y A d1g1ta] computer program titled

- DYNAMO (from DYNAmic MOdels) was used to solve equations (15).

- T

Appendix A is a listing of the program used. | e

Various terrain conditions may be simulated on the mathematical a

‘model. A step input to the vehicle c.g. is simulated by assuming

an initial condition on the vertical displacement. An initial condi-

tion on pitch displacement simulates a step either to the front or

‘rear wheel pair as would be encountered by the vehicle's front wheels
~ hitting a sudden difference in elevation. Similarly an initial
‘condition on roll displacement simulates a step to either the

‘right or left éide wheel pair. A washboard terrain effect éan be

a sinusoidal forcing funct1on of desired frequency and amp]1tude _;
! [

The C.g. response to various terrains niay be simulated by equating

the left side of the proper equat1on of equation (15) to the appro-

"pr1ate function.

This mathematica] model may easily be extended to:
(1) include a spring and damper to be located in the connection
of the frame to the front axle, or |

(2} to consider wheels of different elastic properties,

- Appendices B and C list the resulting equations of motion. This model

may also be extended to include additional degrees of freedom.

12



.
I
§pecifica11y, betause'of allatera]-stiffness_prob]em with the all

metal toroidal wheel, the additional degrees of freedom of lateral

frénslﬁtiona] and]yaw displacements may be uéefu] extensions.

13



| CHAPTER 3

" MEASUREMENT OF THE 0.4 RPI-MRV.

- PHYSICAL CHARACTERISTICS

. Once the equations of motion were developed, the physidalu

characteristics of the 0.4 scale model MRV were determined in order

to convert the equationé of motion intc meaningful results. Most of -

' the measurements were determined in a straightforward manner. The

sprung, unsprung, and total vehicle mass (eartﬁ-weight), and the

" dimensions locating the vehicle center of gfavity are listed in Plate 2,

The remaining characteristics proved to be more difficult to measure,

Aaﬁd are discussed below.

.-qurve‘of’figure 5 shows the results. The spring proves to be quite f

‘Spring Constant. The sole source of flexibility considered in the

méthematical model was the all-metal wheel, All four wheels were

tested with the apparatus shown in Plate 3, The force-deflection

lnpear with a spring constant of kl=34.5 lbf/in, As discussed

later, the actual dynamics of the MRV were measured with a capaci-

tance-displdcement measurement system, capable of meésuring dis-
placements of under one inch, To protect the capacitance probes,

displacements were limited to a maximum amplitude of 1/4 inch.

_Under such small loads yielding small deflections, the spriﬁg'con-

stant of the wheel was found to be lower than the large-load qpring

constant. Figure 6 shows the wheel deflection characteristic

under small loads, indicating a spring constant of k1=24.8 lbf/in.

-

Damping Coefficient. The damping coefficient of the wheel, associ-

14



- Summary of 0.4 Scale RPI-MRV Physical Characteristics

Vehicle T : - 3

:Total garfﬁ weight o . ﬂﬁ=$l}0 lbf
Total mass | S : .':m=}.58 slugs
Front wheel load o . :"7;5 lbf/wheel
‘Rear wheel load . : _18'1bf/wheel
7 Sﬁrung earth weight | o | - w =49.0 1b,
Sprung mass | 7 ..' mr=1.52 slugs
_ﬁnsprung earth weight l : wﬁ=2.0 1b,
'Unsprung mass _- : o mu=0.06.slugs

Dimensions: (see Figures 1 and 9)
91=21.0 in
- £,=23.0 in
| a=22-1/4 in
b=34-3/4 in
h=10.0 in

Moments of inertia of rolling mass (mr) {see Figure 2)

2 | 2
Ix,x.=2.73 slug-ft Ixx=3.7; slug-ft
I, ,=6.30 slug-ft° I =6.30 slug-ft°
v'y ¥y
I, =5.67 slug-ft’ I =6.67 slug-ft>
z'z zz _

Spring‘constaﬁt ki=414 1bf!ft (large loads) 
k1=298 lbf/ft (small loads, see discussion)
| Damping coefficient Cl=4.0 1bf/f£/sec |

PLATE 2 -
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PLATE 3

Kheel Spring and Damping Tester

18
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ied.Qith the spriné,-was moré difficuit.to determine. The appara-
tus shown in‘plate 3 ﬁas used.  Several tests were §onducteé in order
'to'fiﬁd a‘few tests during which thé wheel was ailowed té vibfate
' freeiy., The capaéitance displacement meaéuriqg équipmeﬁt was uséd
" to monitor the motion. A strib charf recorder was used to gain a
time displécement pldf (figufe 7). In 6rder to decrease the‘period.
.of oscillation, and therefore increase accuracy, the tests were
éonducted with the wheel axle loaded to 8 pouﬁds. The critical
damping coefficient Cc is easily determined from _
| Cc=2qF;n?
The logarithmic decrement (é:) of vibratioﬁ decay is determined
by measuring the amplitude of successive peaks of vibration (figure 7)
and the following expression
& =100t )
The logarithmic degrement can then be related to the damping ratio E}b)
'by | . : .
. 4= 2R
. - VFT::;;a
Since the-ﬂamping ratio is the ratio of actual to critical damping
gf)=C/Cc), the actual dampiﬁg coefficient (1abelea C1 for the wheel)

‘is then determined., The damping coefficient of the wheel was

-détermined to be Cl=4.0 lbf/ft/sec.

Moments Ei Inertia. The bifilar pendulum method was used ﬁo deter-
. mine the vehicle moments of iner;ia about its center of_gravity._
Since the.sprung mass (mr) is much greéter than the unsprung mass
(mu), tﬁe moments measured weré takén to be the moménts of the

sprung mass of the wvehicle. Plate &4 shows the arrangement used.
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!

Damped Wheel Response

Under 8 Pound Load

Damping Coefficient Calculation:

Critical damping coefficient C =2unjk/m k,=298 1b/ft

m=8/32.2 1b
. . _ m

Cc=1772 1b/ft/sec
Logarit‘hmic decrement J':ln (x /x_ )=1nHl =1 52
. : n° ntl” T s
\ Damping rat105°=C/Cc

$= 3

{52

- S=0.232
c =- S’cc - q.o |
C= 4.0 by /Fifsec



PLATE 4

Bifilar Pendulum Method of Determination

of IZz for the 0.4 RPI-MRV

21



'~ The commonly used ﬁéthod is basitally.éAtorsional pendulum. The
: veﬁicle must,be_susﬁeﬁded‘so that one of its axes is vertical.
‘Sqépéﬁded:by two identical lines of iength L attached to fhe éehiclg
l at‘distances RA aﬁd RB from the c.g. (see.Figure 8), the vehicleliS'
) displaced angularly in the horizontai plane about the vertical
éxis through its c.g; A natural torsional penduium motion résults.

‘Once the period of oscillation is determined, the moment of inertia

about the vertical axis through the c.g. is determined from

A2
I = WRA‘RB 1-
G q frd L

where w is the total vehicle weight and ﬁ is the period of os-
cillation. ‘This measurement procedure was carried out for all
three axes of the primed coordinate system of Figure 2. Plate 2
‘_'tabulates tﬁe results. The moments of inertialabout the unprimed
coordinate system of Figure 2 are obtained from the primed axes

by use of the parallel axis transfer expressicn

Lo T, s + 2
‘ -. xx lexl m,ph

where h is the distance separating the two axes (Figure 2). These. .

" values are also tabulated in Plate 2.
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FIGURE 8

' '_ Bifilar Pendulum Method for Determining Iyy
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| 5*CHAPTER:4

e o _ niﬁAM1c TESTING
Aégréach. The purpbsé of the dynaﬁic“testing was #woffold:

(L) Data.was sought for a comp;rison with #he prediétéd response
byAfhe mathematical model o o
| .(2) The‘sources af undesirable motion were loéated in order.
_ﬁo indicate possiblé corrective alteratioﬁs. |
The dynamic testing broceeded‘in two directioﬁs:

(i)' Measurement of transient résponées to step input.dis—
placements |

(2) Meaéurement of frequency responses to forced Eonsfant
' amplitude sinusoidal displacements

Responses were measured at various Vehicle locationslgsra
fesﬁlt oflvarioué inputs at different locations. It was fﬁen.rea&ily
. apparent that £he testigg procedure could be-simplified. Measure-
ment of the resﬁonse of the é.g. provided ali the necessary iﬁfor—t
mation. The procedufe is described below. ‘ |
Equipment, " All measurements were made with a capacitance displace-
ment measurement system. Capacitance probes with a maximum range.
‘of.one inch were used.- Plate 5 shows a probe in piace for testing.
After the.signal froﬁ the capacitance probe was amplified, it was
connected to a strip chart recorder for an output plot. All'dis—
placements were calibratéd with a dial indicator.

-~ An MB eiecfroﬁagnetic shaker unit was used to provide the sin-

-

usoidal forced displacements. The shaker unit was fitted with a

. 24



PLATE 5

Close-up View of the

Capacitance Displacement Measuring Probe

20
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-
‘ . . : . ) ] ;' .

.wood extension arm to provide two platform pads on which the test
Vehicle.was placed (Pléte 6). 1Initially the frequency response of
thé Shaker unit withAplatform was measured in 6rder to separate the
vehicie response froﬁ the“shaker.:esponse. As shown in Figure 9,
the shakér unit frequencf response is not parficulariy flat. jHow—
ever, no sharp peakslexist. A comparison of the MRV frequency

response (Figure 13) with the shaker unit frequency response shows

that the shaker unit caused no gross errors or false peaks.

Testing.

Step Response. The transient response of the e.g. of the MRV

. to step inpﬁts was measured. Plate.6 shows fhe general equipment.
.setup for measureﬁent.of the vertical response. A clese-up view of -
the capacitance probe and its location relative to a conducting
surfacelon.the MRV is shown in Plate 5. - The roll and pitch responses
Wefe easily AEtermined by the use of two capacitance probes, The
two probes were placed on a line parallel to or coinciding with the
principal axes ;f the vehiﬁle, (Plate 7 shows the equipment setfp
aﬁd capacitance probe 1o%ations for pitch anglefresponsé measure- .
ments). For small angles of rotation;‘the chanée in angle was

éimply the difference of the probe readings difided by the distaﬁce
Between therprobes. The amplifier used to amplify the signalé frqm
the prébes was eguipped with a difference junction. Therefore the
response was easily obtained by connecting the difference junction

to the strip chart recorder fof a time plot.

‘All step inputs were simulated by the release.of an initial dis-
placement. Using nylon line, a weight was suspended from the desired

location on the MRV, The nylon line was then burned to release the



PLATE 6

Equipment Setup for Vertical Displacement

Response Measurement
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~weight. Figures 10,11, and 12 show stép responses of vertical, pitch,

~and roll displapementsArespectively.

Forced frequency response. The-MRV may be traversing Mariian

‘ terréin similar to'a washboard surface. Tﬁerefore, it is importénf

" to determine the natural frequéncies ﬁhfth exlst in the MRV, and the
relative aﬁplitude of-Qibration at these frequencies. Asg exﬁlainedA
-abovg,.the electromagnetic shaker unit was used to force inputé of
Qarious frequencies. Since the shaker unit is of too small cépacity
'to vibrate the 0.4 MRV as a whole, the vibration tests were condﬁqtea
in two phases. Only one set of wheels, front or rear, was driven

at one time. ¥igure 13 shows the frequency response to the sinusoidal
inputs to the front and rear wheel pairs. Each curve shows two

ﬁeaks at the frequencies of ébout 4.0 cps, and 6.5 eps. The 1ocati§n
ﬁf”the peaks in the response 1s easily predicted by evaluation of the

expressions

W=k | += w”/;e'rf an

'If ghe total load on the fear ﬁheels and the equivalent spring
constant of the rear wheels (2kl) is substituted into equations (i?),
the result of f=4.34 cps is obtained. Likewise, if the total front
wheel load and spring constant is used, f=6.?4‘cps. These predicted
jhafural frequencies are reasonably close to the measured frequency
response péaks of 4,0 and 6.5 cPé. The association of the 4;0 cps
 peak with the rear wheel pair and the 6;5 peak with the front wheel
palr is aiso.a logical conclusion from Figﬁre 13. 1In the case of the
rear wheel pair input curve, the higher peak is associated with a
frequency of’é.O cps, which results from the rear wheel spring. The
6.5 cps peak 1is similarly associated with the front wheel spring

on the front wheel pailr input curve.

30



:
+
t

sdilpLE

b}

PLALPLLL Bl LT L LLEL L TR

[RRFE RSP PR IRRNY FNRR]
PR .. Pi.

M RARR)

[P

FRY PR NP PR Sl IR SR Al (M

e

*QUEQUU\O\M\Q

Time (sed)

FIGURE 10

Vertical Step Response--Actual

| - | : AQQGM\QEV qﬁn«gv;ﬁ\q@nﬁ -

.

FIGURE 11

Pitch Step Response-—Actual



32

PRSI RS

BN
°

]
3

|

S P
1
{

'
LR |

_Z'r'—.i' R

e
Q.

o o &
(ueipes) jusumods

Time (snec)

FIGURE 12

‘Roll Step Responsé—-Actual



. H
e 1

NavradaaL

IV

o e e

R S

| —

=R

i
|
i
i

e bl e mlhl|.|l.. -

1
.
§
I

Ai P
i

[
'
I
i
\
|

FIGURE!13

4

1
-

1. &k

S N
S S S
by [
e il
1 B H
: -
:
i
oL . e
.
R N

1
Yoo

Res

.

(0.4 S:ca_ie MRV F:r'e'quén’cy

vertica

(

v

of 'c‘.g.%);;f B

1 response

-i Disp

vs

lacement

i
I
i
I
.

i
L

I
]
i

H
i
I

Sl

i
i

. .Frequency. |

R BN I~ S

[ ..|.r|_in-r,w|..im|..i.0 —
-3

o

|
i

= Rt gl

Pl
péd

|
|

i
1

in,

1
'
.

Lt
'

t 0.2

T
rear-wheel
inpu

(

front whee

Semi-Legarrh —k.v

Cycle 2 62 Dininilng

fur) onp o ::..__“\.: .




CHAPTER 5

' COMPARISON OF MATHEMATICAL MODEL WITH TEST RESULTS
AND CONCLUSIONS

Figures 10; 11, and 12 show actua1'step input responses of |

~the 0.4 RPI-MRV in the vertical, pitch angle, and ro]T-ang]e modes ,

respectively. By setting the initi2] conditions of the mathematical model -

equal to the initial conditions imposed upon the physical model, a
'_mathematica11y predicted response was obtained. Figure 14 shows |
the predicted vertical response while Figure 15 shows the pitch and
r011 responses

A close comparison of the.actuaT response wifh the predicted
:response indicates the following:

(a) The period of oscillation of the actual model is about
0.3 seconds in the vertical diépTacement and pitch response and
0.33 seconds for the roll response. The corresponding values of
the predicted response are 0.2 and 0.24 seconds reSpecfive1y. The?
mathematic.1 model predicts a somewhat faster résponse, but correéL]y
predicts an approximate relative difference between the roll response
~and the vertical/pitch response. | |

(b) The ratio of the first and second "peak" of the actual
vertical respense is Xn/xn+1=4' ’The mathematical model predicts
less damping showing the same ratio to'be,xn/xn+}=2.]. However,
the general envelop of the actual decaying response shows the oscil-
lation to be.reduced to 20% of the initial value after 0.6 seconds.
The mathematical model predicts the oscillation envelop to be at

about 15% of the initial peak value at the equivalent time. Also
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1o be noted is the increase in amplitude of osc111at1on of the actua1
vertical response betweéen the fourth and fifth peaks in Figure’ 10
'.ThiS'is‘due to the transfer of energy from the roll and pitch modes
to the vertical mode. The mafﬁematica] model correctly predicts the
increase in amplitude Befween the fourth and fifth peaks. A compari-
son of the actual versus pred{cted roll and pitch angle respoﬁses
y1e1ds s1m11ar results. The genera] .envelop of oscillation is similar
in each case. However, the increase in amp11tude of the actual re-
sponse, because of the energy transfer, is not reflected in the pre-
dicted response. | o

Sources of error in the mathemat1ca1 mode1 are most 14 ke]y due
to the following mathemat1ca1 def1c1enc1es

(]) The mathematical model is based on a point mass located
ef the c.g. ef the sprung vehicle. The actual model is quite dif-
ferent with no one general area of mass concentration.

(2) Only three degrees of freedom have been considered in the
- mathenat1ca1 model. 1In rea11ty, the degrees of freedom not considered
(Tateral and 1ongitudine1 horizontal translation and yaw angle dis-
placement) do experience‘consjderable.excitatioh. Since these modes
are coupled with the three degrees of freedom considered, there
will be considerabﬁe energy transfer among all modes. Therefore,
neglecting three modes induces considerable error into the mathema-
tical model.

(3). Many_of the members of the 0.4 scale model are rather
oosely joined. This "slop" is obviously not included in the mathe-

matical medel and is therefore a source of error.

An overall evaluation of the mathematical model sﬁows it to
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be of some va]ﬁé in predjc;ing gross chéngeé in.the véhic}e response.
ias,a'resﬂlt of desfgh parameter changés. For‘instance, should it
be desired to apply a wheel of'different spring and damﬁihg'coef-_
‘ficients, the mathematical modé] hay be used to predict general
responses from théh‘COmparigons‘méy be made. L{kewise, changes in
4Qhee1 base dimensions or payload location may easily be translated
into the mathematical model, |

"In the optimization of the final vehicle design, a more accurate
‘_'mathematica1 modé] will most likely be desired. The mbde]-pro-
posed herein will provide a good basi§ for extens%on. .Additiohal
degrees of freedomlcou1d be included to ﬁrovide a more sophis-
ticated and more accurate model. For the present tfme it is felt
~that this mathematical model will be adequate to he1ﬁ in determiniﬁg
- the main degign parameters of the 0.4 scale physical working-model,
the construction of which i; the next step in RPI's vehicle develop-
ment program. | | |
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APPENDIX A

' SAMPLE  DYNAMO PROGRAM FOR EQUATIONS (15)

11/05/73

Y1.K=Y1.J+DT*Y1DOT.JK
YIDOT.KL=Y2.K
Y2.K=Y2. J+DT*Y2D0T, JK

Y2DCT. KL= nll*Y”.h+A12*Y1.K+Bll*R2.K+812*R1.k+Cll*P2.K+C12*P1.K

R1,K=01,J+DT=R1IDOT. JK

R100T.RL=RZ.K

R2.K=R2,J+0BT+*RZDOT . JK

R R2DOT.KL=A21%Y 2, K+A22+¥ 1 K+D21+R2, K+822*R1,

L P1.R=PL. d+U1*PlUuT JR

R P1UOT.KL=P2Z,

L PZ.K=P2.J+DT*P2DGT.JK ‘ '

R P2DOT,KL=A3T#Y2 K+A32%Y 1, K+C31#P2,K+C32%P1.
HOAlYl=-4,0xC1/1R

N ALZ=<=4,0xK1/1IR

HoB11=(L1-L23*CL/HMR

HoBlZ2=(L1-L2)=K1/IMR

H Cll=2.0+(A-3)*C1/HR

H C1l2=2,0*(A-B)+II1/1R

I Aaz2l=(CL1-L2)*C1l/ 1 AX

il A2Z2=(L1~L2) =K1/ 1XX .
HOB21==-(L1xL1+L2%L2)*CL/IXX
HoB22==-((L1xL1+02%L2) =K1/ 1XX)+URFH/EXK)
N AZ1=(A-B)*2.0*C1l/1LL '

N 732=(A-B)=2,0xK1/1LL

H C31la~(AxA+B=B)*2Z, B+CL/I1LL
HOC32=~((A*xA+B*B)* 2, 0xK1/1ZL)+ CUR*H/TLL)
C C1=02.U '

C Kl=293

C HR=1, 52

N A=22,25/12.0

W B=34,75/12.0

HhoLi=21.0/12.1

WoL2=23.0/12,0

. C lx“ 2. 7?

C 127=6.67

C WR=L9,0

H 1H=10,0/12.0

M Y1=0,0L10

HoY2=0.0

N R1=0.0166

NOR2=0.0 .

R OP1=0.0293

N P2=0.0 -
PRINT Y1,R1,P1

PLOT Y1=Y

PLOT R1=R,P1=P

SPEC D=0, 001/ LENGTH=01.0/PRTPER=0.02/PLTPER=
RUHN

K

=0, 02

3¢



Stéfemehts

'ABriéf'Explanation'Qf;DYNAMO Program

! .
S .
. ; 40
‘%
|

The set of three second‘ordér differential equations
(equatfons (15)) expressed as six first order dif-

ference equations in the form required for DYNAMO.

‘The constants of equation (16).

The physical characteristics of the 0.4 scale

" RPI-MRV.

The initial conditions.

The output statements.



~APPENDIX B
ALTERNATE MATHEMATICAL MODEL--1

To increase the damping and to improve thé overall vehicle
response, it has been‘proposed to join the MRV frame to the front
_axle through a spring and damper. Figure 18 shows the schematic
diagfam for such a configuration. The following is a derivation
of the equations of motion for this model.

Inertia Forces. The inertia forces are the same as derived in

Chapter 2.

External Forces. From Figure 17, the equivalent rear and front

mechanical impedances respectively are:
Z,= (k4 ¢s)

> _ 20kt s)(ka+ Cas) o (18)
_-_, - -F :kl*'ka"' (QC|+C3)S .

Following the same procedure of virtual displacements as developed

previously:

(a) roll with vertical displacement (Figure 3)

Fy==2A,Ay * A6 (.Q.-.?a)~>rz,|: (19)
' MX& YA'IAQ (‘pl_‘?a)'Afeif (Qla*yaa)*wrhaﬂ - (20)
where /4,=k‘+C.S
14&':’ ZQ/<2|“ZJ)
Az= 2(ki+cys)

-_ /4q=’0<a'*C3a59

a1



FIGURE 16

RPI-MRV Alternate Model-Schematic
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(b) Front suspension

FIGURE 1

~ Alternate Model of RPI-MRV
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- where:

44
| _

~(b) pitch with vertical displacement (Figure 4)

Fy= -y (ZeoZg)+ 0: (bz,az) e

M= Y'(bzr‘“fz$)*ez(~bazr”aazf*hw) (22)
- Combining equations (5}, {19), (20), (21), and (22) and smphfymg,
the equations of motion take the foHowmg form: o
| Y "'au5’+ataY+a13Y"bn@x+bfaex+ by Oy *Cy Bz *€ia®z +c,36_§“°0

.é:c'*'b_,,@x*-b & <t by 6x+0;,,}; +aéa>}+aa3y+na,exes+ Nyg826x+Np36:6. = O (23)

. e .. . at - ] a L] LR -‘
' 9 AL "C&ae’z"'cszez"' 03:)""%.2)”“&3)’ +n3:(9x) ""_7.3.2('91{ €,)=0

{1 = “[CQ+QC][‘Qk *’ka) * Tim W? L{c 1Cat RC," ?))

a~ " [c_,+ac,][( lL Ay L iCatCik '*C'k)]
s —-[w.m ACUSPELS)
"4[64*2(: [ M, Cl(p‘; (Cifacﬂ

b '~+[_c Q‘-][k (C";-GQC)-?C,(;?[{‘?’:QS_](I’Wr) ja i’,) ' o

13 _"’Lc,amc](pa (‘;‘)k +kk?) , ‘ -; .
Cn = 4|-C.1‘I‘RC, )[950, +(a- B)C C—J‘] ' _
- 4[] ()Lt s ek )]

c,s el (ka0 +2547]

Qu =+ %E (I,c,) (0, ‘«P-)(C* Ca)
Qo = "'[c,,f ;ec,] ( "Ij';x (f?.; 2)(k, c-'l"'kacr)
Qa3 =+ c.,«».:c,] I,,‘)(-Q -0 (K !f)
al = J'l-.ca-a.:q] [(Qk.*l‘a)‘* _:}:—,‘,t ('Qf “*?:)(CEC-! *‘QC:J)]
bas =+ [ () { (8288)[eak o)+, (car2e)] -wih (2, 1-@_,)}




i
J .
1
i

i
]
. ' T

,(. *;{-;x)[u,’-‘,oj) K, (2kes k;)—w,h (Rk+ki)]

b.?s.‘. * [ CJ"’QC‘

—. loiz.i. =+ [c_:-rl:ac.] ( :::zz) [H*?C:Q +C6 2(b-o-)3
azy= + [ 5] (25 ) [Bbak, 2(b-a)(crkav ek
ass = +[ i35 ] ( 32 ) [4bk™ e 2kk, (b-a)]
L 1| O T )
Cgy ™+ [ E}J&»c—, (:_,rl:x) [Db (> b)(ﬂmks* c,lc,,,+c‘:‘1 Ic.) - W,Jﬂ (DC,-lC.a)}
cas =+ | 5] (3,0 [4a7bla® 2a7bk kot bk + 26% ko

- w.h (Qk,+k¢)]

| Ny = "[Zi:i—t‘:] (%:)(Qk!*lﬁ)

The digital computer program DYNAMO is an excellent method to use -

to solve equations (23).

Initially one would believe that the simpler mathematical model

developed for the schematic of Figure 1 could be obtained from

equations (23) merely by letting the values of C, and_k, approach

infinity. A look at the coefficient terms shows that no meaningful

expressions result if this limit is taken. An alternate way to

negate the effects of C, and k, would be to eduate them to high
. 2 2

values in the solution of equations (23) with the DYNAMO program.



_Althdugh this solution wou}d‘yield deﬁired resu]ts,_it'wou}d be’
_impra;tfca]. Large values of k and C associated wifh relatively
smé]I-vé]ues of m:in mechanical systems yiefd high time constants
'(time'constant T'Otll;rTﬁﬁﬁ). Any-methéd of solution of differentiai

7 equation§ depends upoh alsufficiently sha11 sfep (tihe interval |
inrthjs case) to yfeﬁd reascnably accurate resﬁ]ts. A smaller step
size ﬁecessitates'a larger number of iterétions in the_ca1cu1ations‘
to shan a specified timé interval. This results in considerable

more computer time. Therefore, equations‘(23) shoU]drnot be used in

order to model the simplified schematic of Figure 1.
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. APPENDIX C
ALTERNATE MATHEMATICAL MODEL--2

Because of limitations af'the tfme of construction of the 0;4
scale MRV, all four toroidal wheels have identical physical bfopertiés(
-The mathematical model developed in the main text of tﬁis report is
based upon this existing model. ' _ 'j%\?“' -

Since the vehicle configuration is designed so that the reaﬁ‘ |
wheel pair supports 70-80% of the total vehicle weight, the stiffﬁess
aﬁd damping coefficient of the rear wheel should be proportionally
greater than the front wheel properties. This appendix presents a
mathematical model where the physical characteristics of the whee]s'r
A _-are not idenficzﬂ. The subscrip‘d 'f' denotes front while the sub-
script 'r' denotes rear. _

- The inertia forces of equation (5) remain the same. The ex-

ternal forces due to displacement in the vertical and ro}l mode are

rewritten from equations (6) and (7} as follows: | .
FY = “(k,-*CrS)(Y"'?u@x)"(kr*crs)(Y*Qaex)" a(k_[ + C_FS) |

Mx= (‘QI - hex)(kr * Cfsj (Y -plex) - ('P.;"' heﬂ)( !(,.** C'S) (Y+‘o§e")

. e (h")f)ex
Using the small displacement approximations,‘Q]:ﬁ>h6&,,92>c>h6&,
and h>>y, equations (24) and (25) become o =
Fy= _(kr*CFS)[(Y“-‘Qf ex)+(‘]’*aogex)] ”2(‘(# +C_;-.S‘)>/ (26)

M= (ks Grs)y (000 - 6 (2% 470+ W, h &, (27)

Y

47

(24)

(25)



L
‘S_.'imﬂ'a.\ﬂy thg res’u_]tan't external forces dL_Je to a-disp'lécement in the
vertical and pitch mode follow from equations (10) énd (11): |

_a(.krTsCr)(Y—qez)“&(k;fC_I;SXy+be‘._) o (28)

M= 2k Ces)lo = ho2)(y - a6,) ~2(kp+ o) (brhe)yr be,)

4w (h-ylex (29)

Again with the small angle approximations these equations reduce to |
R = -a[_(k +Cr5) (y-aBy )+ (kes Cos)(y + b6, | --.(30)

M= 20 (k+Crs) yfceg)- ;b(kﬁqs)'(yFng)\‘Wr hé, (31) |

- Combining equations (5), (26), (27), (30), and (31), and rearranging,
the final form results: '
. )/"O"Y +olay+b“6 +l;,';9 *C,,G +¢,,8,. =0
9x+ b_.,,e +b,.0, t O,-,,y-» OppY =0
éz.* Cs;e.z Cs,9; + Qa,\'/ +Qg,y =0

where _ .
Q== (C,-+C4:)., by =% C/r,

O R (keky) bas = (0% 47) t’-'r/rxxﬁw;-h/l_xx
by = (8-0)Cr/m, = Q= (0,-0) e/, |
ba® (5°0) kn/im, 2= (44) ki /z,,

Ch = _;?(Oi "5) C'r/mr'
c = - ) - .
-l..'.! 2(a-b) ky/m, o C3 —i%—z (Q:Cr+bac¥)
Cza = EQ:; (Q'."kﬁéaf{;"“'j{ W l‘l)
Qg = ’3— S (ba-ac)

G' rz.z. (b” QE-F)



‘kﬁspri_ng rate of rear wheel
kféspriﬁg rate of front wheel
- _{;rﬁdamping coefficient of rear wheel

' Cf=damp1'ng _coeffi'cienvt of. frqnt wheel
a,0,.8,,%,.h, refer to the dimensions of Figure 1
mr,wr,Ixx,Izz'refer to veﬁide physical characteristics 61"
" Plate 2
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